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. 1 .
NAVIER-STOKES SOLUTIONS FOR CHEMICAL LASER FLOWS :

STEADY AND UNSTEADY FLOWS

Ajay P. Kothari ,* John D. Anderson , Jr. ,** and Everett Jones***
Univers i ty of Maryland
College Park , Maryland

Abstract - - - -

U,F ,G ,K column matrices based on flow proper-
tiesTime-dependent finite-difference solutions of u x component of the velocity vectorthe two—dimensiona l Navier-Stokes equations , fully U reference ve1ocitycoupled wi th the appropriate finite-rate chemical r

kinetic equations , are obtained for HF chemical v y component of the velocity vector
lacer flows. These solutions demonstrate the prac- x,y i ndependent spatial coordinates
ti( dity of Navier-Stokes solutions for chemical [1 ]  concentration of species i
laser flows . Results are given for steady flows 

~‘~~J 
small si gnal gain coefficient

where large pressure gradients are calculated as a characteristic energy of interactionnatural part of the Navier-Stokes solutions . In between a pair of moleculesaddition , the effect of unsteady fluctuations in-
tentionally introduced at the cavity inlet are mixture viscosity

studied. Such unsteady mixing increases the laser “kx x component of diffusion velocity for

gain by more than a factor of two. species k
Uky .~i component of diffusion velocity for

species k

density of the mixtureNomenclature collision diameter of molecules , A

c speed of ligh ‘ k density of species k
mass fraction of species I 

~k 
species production term due to chemical
react ionsC~, specific heat for cons tant pressure

C specific heat for constant volumev
binary diffusion coefficient (D

~~~
u
~1 ) I. Introduct ion

D. multicomponent diffusion coefficient for
species The past decade has in itiated the age of high

E total internal energy of the mixture energy lasers , fIrs t starting in 1966 with gas-
e internal energy of the mixture dynamic laser , and closely followed by breakthroughs
ek internal energy of the species k in large chemical and electr ic discharge lasers .

The gasdynamic laser , which generates its laserFv j  vibrational-rotatio nal interaction medium by means of a vibrat iona l nonequi libriumparameter-I nozzle expansion , is the subject of a recent book.1H total enthalpy of the mixture The electric discharge laser , which generates itsh width of the nozzle laser via electron-atom and/or molecule col lis io qshk enthalpy of species k in a flow discharge , has been reviewed by Reilly ’.
Planck ’s constant The supersonic diffusion chemical laser , which

J rotational quantum number obtains a laser medium from the products of chemi-
~ k thermal conductivity of the mixture ; cal re4ction is nicely des ribed in a rev i ew Li

Boltzmann constant in Eqs. (11), (21)- Warren ”. All of the above lasers involve the high
(23) speed flow of larqe amounts of gas , hence, they all

N molecular wei ght i nvolve the realms of aerodynamics and gasdynamics.
NA Avogadro ’s number For example , the HF or DF supersonic diffusion

chemical laser i nvolves the supersonic mixing ofp pressure two dissimilar streams , as shown in Fig. 1 .R specific gas constant
R universal gas constant Concurrently, the disci pline of computational

vibrational contribution to the electric fluid dynamics has become a third-dimens ion in
dipole moment aerodynamics , complemen inq both laboratory experi-

T temperature ments and pure analysis -6. Work is advancing on
t independent time coordinate both numerical methods and applications to practi-

cal engineering problems . The present paper is in
the latter vein. Specif ically It deals with the

* direct application of computational fluid dynamicsGraduate Research Assistant, Dept. of Aerospace to the solution of chemical laser flows .Engineering . Student Member AIM.
**Professor and Chairman , Dept. of Aerospace Enqi- The prese,t paper represents a new , third

neering . Associate Fellow , AIM. generation of supersonic diffusion chemical laser
analyses . Firs~ qeneratlon studies are exemplifiedAssociate Professor. Dept. of Aerospace Engineer- by the RESALE computer program 7 (which assumes one-Ing . Member AIM. -dimensiona l premixed flow ) and the approximate
flame-sheet model of Hofland and MIrels8’9.

(op ~rIØII ~ mirhaui  In.liIua ~ ..1 A,r,,NhI IIk. ~.id 1
A~In~iiuIk ~ , Inc.. ~9’1~ • ‘.1111111k f~%fl ’l1d.
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Second qeit (’ration studies invo lve more deta iled Cold reactlon~fluid dynamic calcu lations , such as ~he boundary-
-layer solutions of King and Mire Is lU and Tripodi F + H HF* Het .al ’1 . The present investi gation is a third 2
generation study which incorporates the solution
of the complete Navier-Stokes equations 13 for Hot reaction:
chemical laser flows for both the steady and un-
steady inlet conditions. The full Navier-Stokes F2 + II ~HF~ (

~
) • F (2)

equations are able to model and solvethe compl i-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
which result in the direct formation of vibrat ion-

-laser nozzles -- an important aspect that affects all y ex. i ted HF as a reaction product. Over cer-
chemical-laser performance , as emphasized by tam reqions of the flow , a total population mnver-
Grohs12 . The advantage of invoking the Navier sion may exist , i .e. HF (v+l )J HF(~ )’ 

w ere
Stokes equations is that such complicated separated NHF( .,.\ Is the population of the th vibrational
flow fields as well as any lateral or long i tudinal level in HF . It is a population invers ion that
pressure gradients induced by the chemical heat makes a chemical laser work (see Refs . I and 20
release are modeled exactly. The apparent disad- for background on laser properties). In a chemical
vantage is tha t numerical solution s of Navier laser , this i nversion may be tota l , as previousl y
Stokes solutions take a long computer time but this described , or partial, where the inversion is
can be reduced considerably per run if wh ile doing carried by the rotationa l distribut ions. 1 —

parametric studies the runs are mad back to back
and the fina l steady state condition of one run is In the present investi gation , the chemically
used as the initial cond ition for the oth ’r run reactin g fTowfie ld in Fig. I is solved by means of
with sl ig htly different inlet conditi ons . the complete two-dimentiona l Navier-Stokes equa-

tions . The mixing is assumed to be comp letely
The purpose of the present paper is to acc”ss laminar. Multicomponent diffus ion is treated in an

the viability of tiavier Stokes solutions for both exact fashion . Both the hot and cold HF reactions
the steady and unsteady chemical laser flows , and to are included , and vibrationa l populations up to the
underscu,e advantages as well as the present day 8 level in HF are calculated
restrictions of such numerical solut ions . A
second purpose of this paper is to compare the The parallel mixing of Fig . 1 was chosen for
results obtained before and after the kin et li s are solution because a) it cons i tutes a reasonably
switched on. i.e. to compare cold and hot flows , straightforward test of the present Navier-Stokes
This numerical experiment graphically demonstrates solut ions ; b) other results exist for thi s model
the effects of chemical reaction on the laser fluid and hence can be used for comparison ; and c) it is
dynamics. Such conside ‘ions are important when a relatively uncomplicated model to compare results
extrapolating non-react i i supersonic mixing for hot and cold flows .
results obtained in the laboratory to the case of
real chemical lasers. For the case of unsteady flow , bas ically the

same flow confi guration was used except that the
Thirdly and more importantly it is the purpose flow condit ions at the inlet now were varied in

of the present paper to Il lustra te the enhancement time ins tead of keeping them constant. In the
of mixing and gain obtained due to intent ional case of oscillations in the y component of velocit y
fluctuat ions of the inlet conditions. To date, at the inlet , the flow is off course not a p~ir all el
the use of the time-dependent method has been to mixing flow although the time averaged value of v
obtain steady chemical laser flowfie lds as the velocity was zero. Both the sinusoidal and sine
asymptotic result of large times ; the final steady- ‘~quare fluctuations at the inlet , firstly in the
-state flow has been the desired result , and the F2 stream and then in both the streams are app lied.
time-dependent technique has been simply a means
to that end14.34. However , the work described in
this paper takes advantage of the time-dependent III. Ana lysis
Navier-Stokes solutions to study the transient
effects of unsteady fluctuations in the flow pro- A. Equ ations
perties at the cavity Inlet on overall chemical
laser performance downstream. In particular , the Each of the nine HF vibrational levels is
results show that Intentional fluctuations in the treat’d as a separate cpeu-it .s inter linked by chem-
inlet velocity vector can result in Increased ical and vibrational relaxation rea tion. In
mixing and at least a factor of two Increase in addition to these nine HF vibrational-leve l species
HF chemical laser gain. This paper presents the the reactants H, H2, I , F.~ and an inert gas (dii-
first results of such unsteady mixing phenomena uent) He, make a tota l of 14 different species
n c em ca asers . leading to 14 specIes continu ity e~uati On c. These

equations . In addition to the Navier Stokes equa-

It Ph slcal Problem tions viz , a) global continu i ty equat ion , *
momentum equation , c )  monen t ir~ ts’.ia ~ i .~n and “)

stream of part ially dissociated flourine WI tha N o o ~~~~~e~~~~~~~~~~onsPrvat’0t~~ Ofli~
stream of dlatoniic hydrogen , both diluted to some t ey are
extend with He, as shown in FIg . 1. In the mixin g
region downstream of the nozzle exits , the follow- I 

~~~ 
~ 

~~ + 
1 

4~~ 0 (3)
m g hypergolic chemical reactions take place. ~ 1*

~9 U’:ii. 

~~~ ~~~~~~~~~~~~~~~~~~
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where h is the characteristic width of the nozzle
+ _.M. r 2 

~~~ + ~~ 2 ~~ comb i nation as shown in Fig. 1 , subscript r refers
Re 13 0

~~~x ~y ’ u to a characterist ic reference value , and the primesr refer to dimensiona l values .
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- ~ iT Equation (3)-(7) can also be written as
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14 ,iU 
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.F uG k (8)
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k ~‘k
t’k ’ky 

+ 
~ [-

~~~L~~~ 
+ ~U ) ]  t 

- 

iX y

where U, F , and G are vectors with 18 components
eac h , containing the terms in the curly brackets

• v.,. [2 1 ( ~~U + 
.~v ) - “ I 

iv
p ~o (6~ in [is. (3)-(7). Vector R contains the ri ght-hander .x y sides of Eqs. (3)-(7).

The remaining unknowns in Eqs. (3)-(7) are
1 assumed to be related to p. T , and in the

• r ~
‘k + 

ix ul k ~~
+ 

kx
’
~ 

+ ly 1 k v+ vkY )I foliowin o manner. k

- h . Species Internal Energy ek
r r ek (etran )k + (e rot )k + (evib )k + (e fO~ ,l )k

k • 1 ,2 14 (7) (~~~ )

where h e +R I where k = 1.? 14 (10)
~~U h  

k k k
Re,, - = Reynolds number

where (ef0,,,1)~ is the heat of formation of species
and k.

1 Calculation of Transport PropertiesCp~~
The transport properties vi z, viscosity ,

where therma l conductivity , and diffusion coefficients
~ r are first calculated for the individual species

1’rr 
- .! ~2. - Prandtl number at given pressure and temperature and then obta i ned

r for the complete mixture for gi ven concentrations .

N _
~~~_!~

_.-_ Mach numb r Mixture vIs~Qsity : Viscosity for each species can
r e be given by’’

r r r  — —~~

c 
~
. 

0.000026693 1
2 ~~ / 

(~~.?)* ( I i )

V Here ~:‘ ‘ ‘ is a function of ./kT and is related
as

The previous equations are nondimenslonalized as
follows

0.697 (l4o.3n ~n 1’

)3
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where 1* • 1/kT. f(kT/c12)
The vicosity of the mixture u, is then obtain- whereed using the WIlke estimation method for gases at

low pressure22.
c 121k4(c 1/k) X

6 6 y
ii = E {n

i=1 ~~
/ t 1  + 

j =l ~~ 
(1 3) 

variation of with kT/~12 is available in a tab-
j~i ular form.

where The 196 (14 x 14) binary diffusion coeffi-
cients were used to yield multicomponent diffusion

[1 + (~~)
h/2(~~.)

hh14
:1
2/ .8[1 + ( 1 )3 1/2 coefficients 22 D j m~

Thermal conductivity : The thermal conductivity of 1 -

an individual species is related to the viscosity Dim 
— (18)

nof the species in the following manner: 
~ ~ (Y./D~~fl

Monoatonmic species21 j~1 ‘~ 
I...j~l

(l5/4)(R/M)n (14) Species diffusion velocities (or diffusion
mass flux) is related to concentration gradient

Diatomic species21 by Fick ’s law.

“(1 +O .88[(2/5)(C /R) —l ]) ( 15)
0 = — n o .  v C. (19)

i i  mm i
Thermal conductivity fgr a mixture of gases

at low pressure is given by’2 Chemical Production Term
6 6 II 1/2 

(~.i)j} 
The species production term was calculatedk~ 

~~ 
1

/~~~~f 

~ ~~~~~ ~ij y. explicitly. Treating each vibrational level of
HF as a separate species , 100 elementary reactions
were obtained from the reactions given in Table

6 6 V III Ref. 23. These reactions involve chemical
+ ~ { A ~~~/(l + ~ ~ 

.) —
~
-) )

~ 
(16) pumpina , dissociation , and V-V and V-I vibrational

i=l j=l ‘J Y1 transfers . The vibrational levels of H2 were not
treated separately, unlike Ref. 23.j#i

The equilibrium constants as a function of24where temperature were obtained from the .JANAF Tables
Tor the dissociation reactions. For the chemical- A•(l/[l+O•35(Cpi /R)_2)I) pumping and V-V and V-I transfers , they were1 ~l
assumed to be of the form

for H2,F2 and HF (diatomic species)
= for H,F, and He (monoatomic spe- Keq 

= exp{_ (Ey_E0
)/RT ]

i efl,
alSO . ~~~ = i~ - i for H2, F2, and HF , where the reaction is HF(O)~~HF(v) and E - E isv 0

0 for H, F , and He, . the energy of the vth level above the around state.
The backward rate constants , kb were then obtained(M 1 +M 3

/2).
from kb = KeQ/kf~ 

where kf is the forward rate con-

stank outained from Ref. 23.
Diffusion coefficients: Treating each vibrational
level of HF as a separate species, the binary dif . Therefore, the finite-rate chemically react-
fusion coefficients are first obtained for all 14 ing model consists of 100 elementary reactions
species; these binary diffusion coefficients are involving 14 specIes. Hen-ce, 14-species rate
independent of their concentrations.22 equat ions are wr i tten , one of which is given below

for an example.
O.OO1858T312[(M 1+tl~)/M1M~]

1”2/~a1~
2o0 (1 7)

~~ [HF(l))=fk 31[H][F)— k31~ HF(1)])[M6]

where p is the pressure In atmosphere, T Is tern- +(K4 [F)[H 2]-3k4 [HF(l)][H3)perature In °K
0

• (o~ + o ,~) f2 in A +(KSb[H]{F2]_k_sb[HF(l)tF))

Is the the~~el col l ision Integral +(k 6a[HF(O))~k6a1(HF(1)3)[M7)
II/

4
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+(k 642 [ H F ( 2 ) ] _ k 6a2 [HF ( l ) ] ) [M 7 ] Cv IIF(v) ” ~ mass fractionI +(k 6bl [H F(O)]-k 6bl lHF( l ) ] ) [M8}
Q ( v )  ?: (2J+1 )ex p-[ E(v ,J)flc /kT ) (23)

+(k 6b2 [HF ( ] ) } _ K
6b2 [HF(l )]) [M8] j~0

+ (k 6 I [HF(0))_k 6bl[HF (l)3)[l~
lg1 

rotational partition function

E (v,J) 20.95J (J+l)-0.796J (J+l)(v+l/2)cm~ ( 24)
•(k6~2

[HF(2))_k 6~2
[HF(l )))[M9] . 

=- vibrational-rotational energy
+(k 6dl [HF(0)]

~
k odl (H F( l) ] ) [M lQ ] The average integ”ated gain in the y direction

can be obtained as
•
~

k 6d?
[ H F (2 ) ]_ k

bd2
[HF( l )])[M

10
} )

h f
G = 1 

~~~ ~~~~~ (25)
+ (k 6 f 1 0)1-k_ 6f1 [~~~

’
~1)[M51 v ,J h

• + ( k 6 f 2 [HF (2 ) ] -k 6 f2 [ H F( l ) ] ) [ M5 ) C. Boundary Conditions

t~ coniunent is made on the boundary conditions+( &~ 6g 1[HF(0)1~k6g1[HF( lf l ) [M4i at y = 0 and y h. Syninetry conditions hold at
these boundaries , as can be seen from Fi g. 1. which

•(k6g2[HF(1)]_ k_6q2fHF(l)})1M41 models a segment of the multino zzle flow character-
ist i c of many chemical lasers , i.e.

+2(k 7 1 [HF(O)}[HF (2fl-k7 (HF ( t ) ] 2) ,u 
- p = 

IT 
= ~~ = 0

)‘ y 
~ ~‘

at y 0 and h. In the present finite-difference
scheme , the reflection principle is used; this is+(k lb[HF (3)] [H F(O ))_ k

?b [HF( l) ) [ HF( ~~ an accurate representation of boundary conditions
on a line of synxnetry , i.e.

f( k
7b

[HF(2fl [HF(3))_ k _ 7 b2 IHF() )J [ HF(4) J )
~j +l = 

~ j - l  
T .~~1 

= T
j l  V~~f 1 

= - V .  etc.
+(k 7 1 (HF(0)] [H F(4) 3— k 7 [HF(l ) ] [HF(3) } )

where j  is an i ndex in y direction and ,j l ies on
+ (k7c[HF(2) 1 (HF (4)]_ k ic2 [HF (l)1 [HF(5 )1) the boundary itsel f .

+ (k _ 7dl [HF( 0(] [HF(5 ) 1_ k
7d

[HF( l) ] [ HF (4) ] )  IV. urn i a  Soluti n

+ 7a 2 ( 5
~~~~7d [HF( l)) [ HF(6) )) A tini~ dependent technique patterned after the

MacCormack ~ approach was employed to generate
the steady-state solution .

B. Gain Calculations
Equation (8) can be wr i t ten in the following

For the low-pressure levels that exist in the form ,
mixing region , Doppler line broadening is assumed.
Rotational equilibrium is assumed to exist, and it) 

- - (26)only the P-branch laser transitions are considered. ~t ix iy

Then the optical small signa’ gain coefficient at
line center has the value of’9 If the distribution of flowfield variables is

specified at any instant of time (say n), the
= A( C~+J - \Cv) (20) spatial gradients of mf/~x and i~/~y can be calcu-~• lated at every 9rid point by finite differences ,

and the vector K can be explicitly computed fromwhere the known temperature, rate constants , and concen-
A • ~~~~~~ 

2
~R~

’1I2 JF 1 (21) trations . In turn , the time derivative 3O/~t can
be computed from Eq. (26). Thi s allows the compu-

3(2kMHF~~c~~~ Q(v+l)~~~
2 tatlon (In principle) of new values at time (nfl)

by

+ (~
-
~

) .t (27 )
exp - 1

E (y+l,J-1~1lci

The components of the new vector U’~~~ then
Q(y+lj exp - [((v,J)-((v+1 ,J- l)~c/kT (22) specify all the properties at a grid point one

Q(v )  step ahead In time . Steady state is essentiall y
attained when mO /~ t, approaches zero. However ,

5
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Eq. (.~1) is of tirst -order accuracy only. In con-
t r a s t .  MacCormack uses a pred ictor-corrector method
of second-order accuracy. It i nvolves the genera-
tion of intermediate predi ted values at time
~n +l ) via [q. (.~8). Then these predicted va l ues A 9 x 9 grid size (81 mesh points) is used.
are used again in the conservation equation in a
“corrector’ fashion to ob’ain values at time (ns2).
Avera ging of these two step s leads to a hi gher V. Results and t)iscussion
accuracy at time (n+l ) as shown in Eq. (30). This • •

process as applied to mixing flows is described in A. Steady Flow
more detail in Ref. •‘b .

Solutions are obtained for the flow depicted
in Fig. 1. At time t 0. the initial conditions

1jf l I  
= ~

n 
+ 

~~~ 
- ~ • K) ,\t (.18) are rather aribtrar il y chosen as constant proper-5 l y  0

ties in each of streams 1 and ~ (same as the up-stream boundary conditions at the noz:le esi t s

• , 
.F 

— 
( held fixed with time).

.5 y ~‘1n+l ~ ( . ‘ Q)

Consider the point defined by s/h = 10.0 and
,mnui y/h = 0.375. The time histor y of the static tern-

0 perature at this point i s  q iv e n  in F i g .  .~~. Cold-
ç~n4l = • 

U 
, (30) -flow calculations (the fluid dynamic s without

the chemical reactions) are made through a nondi-
mens ional time of .‘4 to allow the two streams to

Here ii refers to the time step and the title refers partially mi x . After this time, hot-flow calcuhi-
to intermediate values. tions (the fluid dynamics fully coupled wi th the

chemical k inet ics)  are made . Note f r om ti. 4. ‘ that
The vectors r and ~ contain spatial gradient s the switch to a hot flow causes a discontinuous

of temperature and v e l o c i t i e s  d i rec t ly  and of spe- increase in dT/dt , and a subsequent approach to a
cies densities indirectly through the diffusion higher steady-state temperature . For compat-ison ,
velocities . In turn , spatial gradients of vectors the purel y cold-flow case is carried out to a
r and (~ t~,u ’~iis.’lves need to be taken to solve Eqs. steady state , as also shown in I ig . .’. Note that
(.~$)  and l,N). Thus, effect ively, spatial gra- the combined effec t of •~homical reaction s and
die nts of the thermodynamic quantities need to be vibrational relaxation eao to a 35~ increase in
t ,;k~ n to a largest order of two . This offers var- static temperature in comparison to the purely
IOUS combina tions of forward , backward , and centra l aritific a l cold-flow ~,ms e.differenc ing schemes to compute the spatial deriva-
tives , a detailed discussion of which appears in Steady—state profiles of ve loc i t y .  pn’ssuru’.
Ref . 14. In the present paper , the followin g and temperature with respect to y/h are given in
differenc i ng scheme was used ; it is shown in Ref. Figs. 3, 4, and 5, respectively. In each figure ,
11 to be the most appropriate scheme for the mixin g results for the longitudina l stations ~/h 0,5
flows of present interest, and 10 are given. Also in each figure , the sol id

and dashed lines correspond to hot and cold flow .
Forward ifferenc i ng is used on the r and (~ respectively. Note from Fig . 3 that , i n  contu ’,u st

vectors to obtain the intermediate properties to temperature , th~ veloc i ty profil es downstream
( p r e d ic t o r  s t e p ) ,  e . g .  of the nozzle exits show little influence due to

chemical reactions -- a result that is alnsist
classical in most high-temperature gasdynamic pro-

(~‘.i, k) 
r (3,~ ,k) - r(2.,1, k) ( 31) blems . Also note that the slower-moving stream of

Ix ‘ .\X H•, is accelerated more than the faster-moving

stream of F and F, is retarded, due to the mi x in g
Backward differencinq is used for the corrector
step. e.g. process. The pressure variations , whi ch are plot-

ted on an expanded scale in Fig. 4, show virtually
it; (~(i ..‘,k) — t; (i .1 .k) a constant pressure in the y direction , except

(32) for a small variation in  the middle of the mixin g- (i ,.’ k v zone. For hot flow , there is an adverse oressure
gradient in the flow direction ; in contrast the

However , a reverse combination , viz. haskward net effect of the purely fluid dynamic mi x ing
dlfferenclnq for predictor step and forward dif appears to be a sli ght favorable p,-essure gradient.
ferencing for the corrector step, is used for the at least for the first 10 nozzle heights down-
gradients of T , u. v , , and k’ This Is termed stream. The corresponding temperature pro files
the “Modified MacConma k’ approach in Ref . 14. are shown in Fig. 5. Comparing the cold-flow pro-

files , it is apparent that the viscous shea,’ act ion

The time step used to advance the solution in causes a larger local temperature rise in the mi x-

time is the i~jnimum of the time steps due to the 
m g  region at s/h 5.0 than at s/h • 10 because ~

CFL criter 1a~ ’ and the characteristic relaxation gradients of veloc i ty are larger near the nozzle
time . Here , the CFI criteria are given by the ex its. However, In going from s/h 5.0 to s/h

minimmami of 10.0, the mean temperature rise Is more over the
whole cross section whereas the peak temperature

\x/ (u+a ) and ~t ~y!(v+a ) 
of the faster streams seems to drop because the
interface streamline w~ul~ bend toward the slower

whereas the chemical relaxation time is given ~~~ stream . The average pressure also slight ly decreases
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as the flow moves downstream , as noted in I ig . 4. The present Navier-Sto kes calculations ~re• In contrast , the hot flow pro f i l es  clearly show an coinp~red with the results of king and Mlrels I9 and
almo st discontinuous increase in the t~ iuperature , LAMP ’8 in Figs. 13 - 15. Roth Refs. 18 an~ 19 are
a fact already noted f rom Fi g . 2. boundary -layer solutions . King and Mire ls ’9 assume

two semi-infinite streams ; hence , the pressure i
• igure s 6 and 7 il lus t rat ’~ density profiles assumed constant in both the x and y directions.

of various HF vibr ationa l levels at x/h - S and 10 , The LAMP program calculates a pressure gradient in
respective l y. The growth of the reaction zone caim the x direction by means of a quasi-one-dimension al
be seen clearly. Tot a l population invers ions exi st heat-addition appro ximation , but assumes constant
between vibrational l evel increases as the flow pressure in the y ‘lirection . The present Navier-

• moves downs tream , the small signa l gain does not - Stokes ,, lcula t ions allow pressure gradients jim
necessarily increase since the absolut e difference any dire ction . Th~ authors express their extreme
between the densi ties of HF(O), 10(1), and 01(2) appreciat ion to Dr. Walter ~ilowacki of the Naval
does not always increase. Surface Weapons Center (White Oak , Md .) for his

4 runnin g of the LAMP code for compari son with the
The calculated qu-owth of the reaction zone. i.. presen t work.

defi,med by th~ region where ‘ iw(o) is greater than

10 of the maximum value , is shown in Hg. 8. This TIme taSe shownmn I mo s . 13-15 is a str onily
figure is taken from R~f. 1/ . and con t a i ns exper i- reacting iiit( i t ~~ with conditions it the nozzle
mental data taken at TRW . The present results ai’e “si t of (see F ig . 1 for the noiiienclatu ,-e ) p = 5
marked on Fig . 8 and show the same laminar vau’ia - ~ Irr , I l 110 k , 1, 400 k , u 1 

1400 nl/se~
tion as the experimental da ta . i~~, • .14 0 m/ “it . In stream 1 

~ 
1 .47 s 10 -

The existence of population m yers ions and k f ’I1i~~. In st rt ,’m ~~~ , 1 . 1 x 10 ~ kg/rn
3 and

• hence laser action is best seen in Fi g . Q . where , -4 t - .

densit ies of various HF vibration a l levels at ~ 
5 . x 10 kg ir . Th is mi x ture is so

y/h 0.375 are plotted with respect to x .
Inversions exist between the 0-1 levels and l • ’  strongly reactin g that a large adverse pressure
l evels , which yields the small-signal gain gradient is produced in the f low f mr ec t m on ;  imote

• - • v. 1 from Fi g . 13 tha t both the present ca lcu la t ions  and
is calculated by Eq. (20). These gains are shown LAMP predi t approximate ly a factor of five pres-
in Figs. 10 and 11. Fi gure 10 shows the var iat ion sure increase in a distance on the order of a cen-

J 

of the small signa l gain wi th respect to at timeter . Ir fact ,  the chan ges mc i  so severe t h a t
y/h = 0.375 for the vibrational level t ransi t ion the LAMP ca lcu lat ion experienced some spur ious
1-0 for various rotational leve ls (only P-branch wig gles , and then blew up beyond 0.8 cm . (However .
transit ions are issumed). Figure 11 shows simi lar this in no way re f lec t s  on the v iab i l i ty  of LAMP ,
results for the ~‘-l t r a n s i t i o n . The values of because no subsequent ef for ts were made to adjust
gain and the spatial extent of the lasing reg ion grid s ize . etc.  • to a t t e m p t  to overcome this heha-
as indicated on Fig. 10 and 11 are typical of y ior .  ) Nevertheless, the comparison be ween LAMP
conventional HF chemical lasers , as obtained from and the present calculat ions is reasonable ; iii
Refs. 18 and 11 . con ti ist , the constan t pu’essure assum ption of

King and Mirels l9 is not val id for this case.
A few words about ctahi 1 i ty and conve,-qence Similar comparisons for T and HF ari at ions are

are in order. The present time-dependent calcula- given in Figs.  14 and 15 , respect ively.
tions smoothly and regularly approach a steady-
-s ta te  solution as long as the requisite s t ab i l i t y  Return to the cond itions g iven in Fig . 1.
criteria are followed; i.e., the solutions are Hei-e , the densi t ies of F.. , I and H art’ re la t i ve l y
stable as long as the time increment is less than small -- a d i lute case. The results ~t Figs.  ~‘- l l
the CFL and chemica l relaxation times . With regard appl y to this case. In turn , these results are
to convergence , the question can he asked: Is compared wi th a calculation from LAMP in  Fig . It..
enough accuracy obtained with the present 9 x 9 The profiles of HF(0) and T are shown as a function
grid , which at first glance appears rather coarse? of y at s/h 10. Note that the LAMP results
An answer is given in Fig. 12. Here, the final predict peak temperatures and HF densit ies tha t
steady-state temperature at s/h = 5 and y/h • 0.75 are about 20 and ?ft. highe r, respectively, than
Is given for three different grid sizes: 5 x 5. the present calculations. This is considered to
9 x 9 and 13 x 13. It appears tha t a 9 s 9 grid he reasonalbe agreement in l i ght of the diffe rent
is sufficiently accurate , and that a further kinetic rates and transport properties in the two
definition by more grid points is unnecessary . proqu-ams . The present results c~~cula te detailed
This Is totally consistent with time-depe:ident and variable transport properties at each point iui
solutions of of other pro~1~msl .2~_3l where suffi- the flow ; lamp assumes constant Prandtl and Lewi’
d ent accuracy has been obtained wi th seemingly numbers . Also, keep in mind that the :tressure
very coarse grids. Apparently, the time=dependent gradients in the two-dime’:siona l flow appear quite
mechanism is “self-correctIng ” at each time step, na turally and exactly in the present Navier-Stokes
allowing the physics contained in the conservation formulation , whereas l AMP has an approx imate cal-
equations to bear more strongly and accurately culation of pressure gradient and onl’ in It ’
at eac h grid point. The philosophical point not direction .
withstandi ng, experience has clearl y proven that
time-dependent solutions require fewer grid points A word about computer time is also in order.
than might be expected for steady-state analyses. For the present Navier-Sto kes results , computer
The present results are a case In point. As long times of 30 and 90 mm on a UNIVAC 110$ for the
as the cell Reynolds number in the y direction is dilute and strongl y reacting cases , ru spt ’ctivell .
on the order of unity , the gradients are adequately were required. The cost averaged $3~’0 per ,‘un.accounted for, as in the present calculations . This is about three time s more expensive than L AMP
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f o r  the sante cases. lowevt ’ r . keep in mind that  the sent in iii x i  rig due to fbi’ f l  uc t uat iiiq ut V at  t in ’
present t i nie—de penden t ca lt  u la t ions star t  WI th inlet. in r es u l t - . a I so show the LIft ,i’qtJl’flCl’ tt
init ial condi tions that ire const a nt but different the i’nhance,uen t of iii ing . A rather risiiik ,i hle
properties in streams I and 2 , i - e . , no tiji x i rig of f a c t o r  of two i t ic r t a ’ e  in the i nt to i ra ted q i  i ri W I ,

the two s treanis. If more t a  Ii ‘ i  It i n i t ia l  condi - obtained for the &a’ , i ’  out I i ,ii’d above (as discussed
tions are fed in , the computei- time can be dr is ti- latet -).
cally reduced. In particular , it several different
parametric runs are stacked together , arid the m l —  It was furth er observed tha t ust il )itii .ns u t
tial conditions for one are taken as the so lu iio n v in both t he I ? and 82 streams at various d iffe r-
f rom another , the running times should Lit’ con~par- ent phase mules yielded result ‘ generally similarable to or better than LAMP . This behavior is
already observed in time-dependent calcu lation s to or inferior to the fluctuations in only one
of gasdynaiii Ic laser iuerformance ,32 whu rt’ by st i ck — 

s t rears .

ing several runs , t he runn i ng t imes of the second It should he euiip ha si~ ed here that the freguen-and remaining runs are one-fifth tha t of t iu t ’  t i r- .t
run. In thk fashion , Navie r-Stok es calcul ations ~~ of o s c i l l a t i o n s  was selected to he of such a
can be side cost- effective; t f u ~~r t t o u t ’ , th ey ar’e magnitude so as to have wavelength of the order of

the av i ty length. Further parametric s tud iesnot inordinately long as may I ir- ~t be ex pec ted. 
~on f  i rsued this hypothesis . The Str ’ouhal number is
of the or’der rt’coniiiended in Ref . 33.B. Unsteady f low

The s iam thrust of the present paper ~ ‘. to Figures 0 arid 20 c lea r l y  indicate the remark-
abl e Supe r ior ity  of unsteady mix ing.  Al l  liii ’answer what happens it o r e  (or sore ) of the vari-

ables at the inlet in one 01 the t r t ’aiuus ( c u r - both u t s u l  ts h ere have agai ii been time averaged over a

st rs ‘is ) is flu thated in line. Does it enha ’ ci per mo di . t inu e of one o s c illat i on. Figure 19 shows ,
c lea r ly, a larger mod sore spread Out productionor i nhf bit  iii ~ nq and how does i t a f f ec t  qi in? of HI for  the case of v ve loc i t y  f luc tuat ion ‘han
the other two p lo t ted .  A b i l i t y  of the o s c i l l a t io nIt wa s observed that a t ime-wis e s inuso ida l to popu I a t i the region of the f low for  y/h 0.5 ,va r ia t i on  in in let pressure in the F 2 stream (and wh iu . h d id riot occur for  the other two cases.  in

• hence density . keep i rig the teinpet-ature cons tan t )  genera l produced m t 1  grated gain larger by a factor
about a certain mean value failed to improve of two , thus makin g i t possible to m ci-ease gain
mix ing. Correspondingly no better gain was obser- by a subs tantial amount. riqure 20 again shows
ved. Var iat ion in frequency and /or amplitude of various HF levels versus s for a constant v a l u e  of
the pressure fluctuation did riot imp i vi this v. Here .uga i r m a f as ter mixin g arid faster-  pumping
situation , is clearly ‘ u’e!l e . g .  a t s i t  = 2 .5 .

-)

Next, in order to vary the moment um of the S ine  square f s i n ~ ( va r i a t i o n in the y-compo-
incomin g flow , the x-component of velocity was tent of ve loc i t y  was also simulated . thus y ielding
f luctuated a b o u t a t - c m n  value of 2000 ui/sec . A a def in i te  value for the time aver -aged sean of a
noticeabl e effect of m ixing was observed only for fluctuation . this suggested another case of non-
angular ve l co i t y  about 3 .x ~~ rad/sec and for a -para l le l  mix in g  of two steady streams at an aiuq i
rather large amplitude of +500 it/sec . A plot of ( v i ,t. ~~ 140) w.r.t. eac h other. Both these
velocity vectors in the flow at a particular t ime cases produced inferior m ix in g gain result s . The
indicated the presence of a large induced y-compo- shock waves produced in time l a t e r  case accoun ted

~

I nerm t of veloc ity in the f low due to coupling w i t h  for a rise ir temperature in the lasin g region
t he f luid dynamics , arid th is  is perhaps responsible and hence t ,s ter  V-V . V-T deactivation react ions.
for increased mix in g . t h u s  impeding gain.

Therefore, all subsequent cases were run the unifor ms profiles of velocity an d concen-
wherein only the sinusoidal variation of the y- trations of F and 12 used at the inlet , although
-component of veloc i ty was intentionally forced at sufficient and proper for parametric studies at

• the inlet. This y ielded a cons i derably improved earlier time , need to he modified to account  for

j mixing and iso higher values for small signal
and in particular the integrated qain. Many no slip condition and catalytic recomhin~it ion at

the nozzle wal l . Also a i-ec ir cu lati on region isdifferent cases were sintulat cd of which a case
with frequency . ‘~ io5 rad/sec and an ait:rl — 

produced near the inlet due to fi iii te thi ckness
tude of v 500 rn/sec yielded the most favorable of nozzle walls . These questions are being

addressed to , presently, using the Navit’r-Stoke~• results. For example . Fi gure 17 i l lustrates the
• transient variation of the F., density it a given equations to solve the flowfie lds . In p articular

the Boundary Layer profile in the s-component of
point in the flow for three different amplitudes velocity it the inlet in both streams has already
in the fluctuation of the inlet y-component of been sim ulated . The ‘thai integrated gain results
veloc i ty (v), namely .\v + 5 , + l0’~. and + 25 are shown in Figure 21 for P-transiion with V.?
of the x-coarponen t of veloc i ty (LI ). The hori:on- 1 .1 for various different aforementioned cases
tal dashed lines are the F2 densities obtained including the boundary l ayer case. The decrease
from a previous steady-flow solution for the same in gain due to the presence of real effects like
Inlet properties . Note that for \V + 25’ the B. 1. is easil y seen. !ntegrated gain is plotted
unsteady flow results in a time-mean I, density in I igs. 22 and 23. In Fi g. 2? integrated gain
that Is above the steady-flow value. these un- plotted versus non-di m ensional x-wise location
steady results, when integrated over time , lead clearly illustrates the increase in gai’ exper-
to the results in Figure 18. Here, the flow-wise ienced due to the unsteadiness of the flow . For
variation of t ime averaged density of F is shown the case of transitions from vibrational levels
for various cases . This shows clearly ~he improve- I to 0. Again Fig. ~‘3, which is a sii,iil,m r plot
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for the vibrationa l level transition 2 to 1 reemn-
“ asizes the same point. In both these cases the 7. It is the first n.inerical solution of th

inmprovenient in m ixin g due to the forced inte rm in t - by intenti una lly f1uctu atin~~thè ~-~o bnèn~f of

gain is calculated from the various HF level full Navier-Stokes equations with fully coupled
species d en siti r- increased over a time period of kineti cs for both the cold and hot reactions for
the 051 i lla t i on. HF and multico mpon ent diffusion for the case of

inherentl y unsteady supersonic ni ix in ~ f l~ w_s~
As a fina l coimmient on the fluid dynamic 1 pit ts 8• It shows that the integrated gain for HF

of unsteady m ixing , note tha t there is a physi cal chemiu i ml lasers can be increased substantiall y
ling of the flu id elements. This can be seen front velocity at the i nlet. Th is leads to better mixing
Fig.  24a and b , which shows the ti u m ue hiStory of and a lso higher gain in genera l.
the part i cle s inserted at two different times in
the flow . The nonuniform particl e paths clearly ‘. Real effects like presence of bounary
show the extent of umua teri a l intermuu inqiing. These layer in ve loc i ty  at inlet impeded mixing and 1 1path line s were obtained as part of the computer hence reduces integra l gain. I jresu l t s  by t a l u s  of a 4 il subroutine . I Ithe authors recogni ze tha t the density va r ia -  -~~

t ions created in the av it y  by the f l uc tuat ionsV UJn1. l us iu r i s  wi ll have an adverse e f fect  on the overall quality ,1
of the laser beam . However the pur pose o f th i sThe present paper introduces a third genera- study has been to exam ine the fluid dynamic and

t i on of he ’ i u l - l a s e r  a n a l y s i s ,  i.e , Navi er- chem ical k ine t ic  consequences of such f luc tuat ion~ .
-Stokes solut ions for the flowfie ld coupled w i t h  the ef f ect on beams qua l i t y  is beyond t he scope of
the det ailed chemical kinetics for both the hot the Present paper.
and cold reac ions of HF for both steady and un-
steady flows. The n’esults for the steady flow are
also described in Ref. 35. In particular , the kknow1ed~rnentpresent results show the following:
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3. In a comparison between hot and cold flows.
the , ht ’ i  ml reactions markedly af fect  the tempera —
tare distributions, but have little effect on the
ve l o c i t y  d is t r ibu t ions . The pressure increases in 1Anderson , J. D. , Jr., Gasdynammi ic Lasers: Anthe f low d i rect ion due to chemical reactions, an
e f fec t  to be expec ted from simple analogy with Introduction . Academic Press , New York , 1976.
constant area heat addition in supersonic flows . 2
In contrast , for cold flows , the long i tudina l Reilly, J. P., “High Power Electric Discharg e
pressure variation is reasonably constant and may Lasers (EDI s), Astronautics and Aeronautics ,
even decrease sli ghtly. Vol. 13 , March 1975, pp. 52-63.

4. The growth of the laminar reaction zone 
3Warren , W. R . • Jr., Chemical Lasers . Astro-

predicted in the present paper compares favorably nautics and Aeronautics . Vol . 13 , April 1975, pp.
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5. Navier-Stokes calculations have the dis- 
4Roache, P. J., Computational Fluid Dynamics ,
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strongly reacting cases, the proper accounting of Chapman , D. R., Mark , H., and Pirtle , M. W.,
these pressure gradients are absolutely necessary ; ‘ Computers vs. Wind Tunnels , Astronautics and
the constant pressure bounda ry-layer assumption is Aeronautics . Vol . 13, April 1975. pp. 22-30.
no t adequate. 6Taylor . T. D., Numerical Methods for Pre-

6. Considering the differences between the dicting Subsonic Transonic and Supersonic Flow ,’
physical properties and fluid dynamic modeling AGARDograph No. ll~7. January , 1974.
of the present Mavier—Stokes analysis and LAMP , 7
fairly reasonable agreement is obtained between Emanuel . G., Adams , W. 0.. and Turner , E. B.,
the two. However , the constant pressure results “Resale 1 : A Chemical laser Computer Program ,”
of king and Mirels differ considerably, and are Aerospace Corp. TR 0172 (2276)-I, El Segundo. Cr..
obviously not valid for cases where strong pressure March 1972.
gradients occur in the real problem .
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